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The author determines all pure cubic fields Q( @) whose class numbers are 
multiples of three. 
1. STATEMENT OF RESULTS 
In this article we determine all pure cubic fields whose class numbers 
are multiples of three. 
Let n # 1 be a cube-free natural number and put 52 = Q($‘$. Then !C? 
is a cubic extension of Q, its normal closure L equals a(C) where 
5 = exp(2+/3), and the Galois group G = G(L/Q) is isomorphic to the 
symmetric group of degree three. Let u be an element of order three in G 
and T be the complex conjugacy of L. Then K = Q(5) (resp. Sz) is the 
subfield of L, consisting of numbers Iixed by u (resp. T). 
Denote by ha (resp. hJ the class number of fz (resp. L) and by aL/K the 
number of ambigous classes for the cyclic extension L/K. Then 
3 1 hn 9 3 / aL/K by the following two lemmas: 
LEMMA 1. hL. = hn2 or hl. = &hn2. 
LEMMA 2. 3 I hL CJ 3 j uL/K. 
The proof of Lemma 1 will be given in Section 2. Lemma 2 is a special 
case of a well-known fact. (A short proof of Lemma 2: Decompose the 
Sylow 3-subgroup of the ideal class group of L into the union of orbit sets 
relative to G(L/K).) 
Now we see by Theorem 13 of Hasse [3] that 
aLIK = ?-l, 
where e is the number of prime ideals of K which are ramified in L and 
t = 0 or 1 according as 5 E NL,KL* or not. Hence 3 1 aLIK whenever 
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e b 3and3fa,,, if e = 1. For e = 2 we can determine the value of t in 
all cases by using the properties of the norm residue symbol. The result is 
as follows: 
THEOREM. The class number hQ is not a multiple of three if and only if 
n has one of the following forms: 
(i) n = 3; 
(ii) n = p, wherep is a prime number such that p = - 1 (mod 3); 
(iii) n = 3p or 9p, where p is a prime number such that p = 2 or 5 
(mod 9); 
(iv) n = pq, where p and q are prime numbers such that p = 2 and 
q = 5 (mod 9); 
(v) n = p2q, where p and q are distinct prime numbers such that 
p=qr2or5(mod9). 
(Since Q($%%) = Q(%%), we have counted only one of n = a2b and 
n’ = ab2.) 
If 3 1 hn , there is a cubic, cyclic, and unramified extension of Sz by 
class field theory. In fact we can construct such an extension explictly in 
case n has a prime divisorp such that p = 1 (mod 3)(cf. Section 4). 
2. PROOF OF LEMMA 1 
For a subfield k of L, denote by xK the character of G induced by the 
principal character of G(K/k). Since 
XL - XQ = XK - XQ +2(XS2 - XQ), (1) 
as is easily verified, we get 
hLRL = hn2RQ2 (2) 
by the formula (12) of Kuroda [5] or Brauer [2], where R, denotes the 
regulator of k. Let E > 1 be a fundamental unit of JZ? For any unit E of L, 
I,7Q2 = El+7 is a unit of Sz and hence a power of E. Therefore 
R,lRn2 = RLl(lQg I E I> 2 is a rational integer. On the other hand, since 
1 El+o+2 I = 1 and I EO 1 = 1 P I = ] P’ I = I eo2 1 we have 
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Therefore 
R[E, E”] 2 
log / E j 2 log 1 EU 1 = 
2 log 1 EU / 2 log j EOZ / 
21% I E I --log I E I = 
--log I cz I -1% I E I 
= -3(log / E 1)2, 
which implies that 3RG2/R, is a rational integer. Hence we must have 
R, = Ra2 or R, = 3Ra2. (3) 
Of course Lemma 1 is a direct consequence of (2) and (3). 
3. PROOF OF THE THEOREM 
Let I be the prime ideal of K which divides three. By Theorem 9 of 
Ref. [3] I is unramified in L if and only if n = i 1 (mod 9). Denote by 
( , /p) the cubic Hilbert symbol in K. (See Hasse [4] or Artin-Tate [l] for 
its basic properties.) As is well-known, 5 E NLIxlL* if and only if 
for all prime ideal p of K. Since 5 is a unit, (4) holds whenever p is un- 
ramified in L. Moreover, in the only nontrivial case e = 2 we have only 
to check (4) for one ramified prime ideal p because of the product formula 
of the Hilbert symbol. The case e = 2 may happen only if IZ is a prime 
number or has two prime factors. 
(I). The case n is a prime number p. 
Forp=3wehavee=l.Ifp=l(mod9),thene=2since(p) 
decomposes in K and I is unramified in L. Let p be a prime divisor of(p) in 
K. Then 
(Af) = (E$ = 1, 
since p decomposes completely in K(K<) = Q(exp(2+/9)). Hence t = 0 
in this case, so that aLIx = 3. If p = 4 or 7 (mod 9), then e = 3. If 
p = -1 (mod 9), (p) remains prime in K and e = 1. Assume finally 
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p = 2 or 5 (mod 9). Then only (p) and I are ramified in L/K. By Theorem 
10 of Ref. [l], Chapter 12, we have 
(‘Ly) = ( 5, i-“) = ps(log(-PH f 1, 
so that t = 1 and uLIK = 1. &unming up, we have 3 1 aL/K if and only if 
n = p = 1 (mod 3). 
(II). The case n has two prime factors p and q 
A. The case n = 3p or 9p 
In this case e = 2 if and only if p = - 1 (mod 3). We have 
W=( 5, 1 - 5 
)( 
5, 1 - L2 
I I 1 
( c2, 1 - c2 = 
I 1 
-l = l 
Therefore 
which equals 1 if and only if p G -1 (mod 9) everywhere. Thus we get 
case (iii) of our Theorem. 
Assume p # 3 and 4 # 3. Then e = 2 if and only if n = &l (mod 9) 
and p = q G - 1 (mod 3). As is easily verified, the following three cases 
are possible: 
B. The case n = pq, where p = 2 and q = 5 (mod 9) 
We have 
Since (p) remains prime in K(qt), it holds (p, 5/p) # 1, so that t = 1. 
C. The case n = pq, where p = q = -1 (mod 9) 
Since (p) decomposes completely in K(fl)/K, we have 
(A$ = ($LL)(.h) 
= (L$) = (I+)-’ = 1, 
so that t = 0. 
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D. The case n = p*q where p = q = - 1 (mod 3) andp = q (mod 9) 
By the same argument as in Cases B and C we see t = 1 if and only if 
p = q = 2 or 5 (mod 9). 
This settles all possible cases and completes the proof of our Theorem. 
4. EXPLICIT CONSTRUCTION OF AN UNRAMIFIED EXTENSION 
In this section we assume that n has a prime factor p with p = 1 (mod 3). 
PROPOSITION 1. For any prime number p such that p = 1 (mod 3), 
there are a, b E Z such that p = (a” + 27b2)/4. Moreover, let a: be a root 
of the cubic equation 
X3-ppX+pb = 0. (5) 
Then Q(a) is the cubic sub$eld of Q(exp(2rilp)). 
Proof. Since p = 1 (mod 3), there exists an integer p in K such that 
NKIop = p. Multiplying j3 by 5 or 5” if necessary, we may assume that /3 
has the form (a + 3(-3)112 b)/2, which implies p = (a2 + 276314. The 
discriminant of Eq. (5) is 
4p3 - 27p2b2 = p2(4p - 27b2) 
= Cap)“, 
which is a perfect square. Hence Q(a) is a cubic, cyclic extension of Q 
unless all roots of (5) are rational. But if all roots of (5) were rational 
integers, they must have been multiples of p, so that p3 1 pb, a contra- 
diction. Now let q be a prime number which is ramified in Q(a). Then 
there exists h E Z such that 
X3 - pX + pb = (X - h)3 (mod q). (6) 
Comparing both sides of (6) we see easily that (6) holds only if q = p. 
Hence Q(a) is contained in Q(exp(2rri/p)) and its (unique) cubic subfield. 
This completes our proof. 
PROPOSITION 2. Assumptions and notations being as above, S(CL) is a 
cubic, unramtfted extension of Q. 
Proof. We have only to prove that prime divisors of p in G are un- 
ramified in In(a). Let Fp be a prime divisor of p in L(or) and T the interia 
group of ‘$3 relative to L(a)/Q. If a prime divisor of p’ in Jz were ramified 
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in Q(a), T would have order nine. Since Cp is tamely ramified, T must have 
been a cyclic group of order nine. But this is impossible, because G(L(or)/Q) 
is isomorphic to a subgroup of G(L/Q) x G(Q(cx)/Q). This completes the 
proof of our Proposition. 
Added in proof. The “only if” part of our Theorem was already proved in a recent 
paper of P. Barrucand and H. Cohn; A Rational Genus, Class Number Divisibility, 
and Unit Theory for Pure Cubic Fields, This Journal 2 (1970), 7-21. 
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